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1. Introdution
The Lie algebra of a Lie group an be seen, in ertain sense, as its rst jet. As a generalization,
we shall dene rst and also higher jets of arbitrary simpliial manifolds. The rst jet will be,
under ertain representability ondition, an L∞-algebra. The ondition is satised, in partiular,
for Kan simpliial manifolds. While higher-order jets don't give anything new in the ase of a Lie
group, for general simpliial manifolds they do.
Any simpliial manifold (ontravariant funtor from the ategory of nite ordered sets to the
ategory of manifolds) gives rise to a ontravariant funtor
ategory of surjetive submersions→ ategory of sets.
The idea is to restrit suh a funtor to submersions with bres isomorphi to R0|1. As we shall
see, under a representability ondition the restrited funtor is equivalent to a dierential graded
manifold, i.e. (more-or-less) to an L∞-algebra. We shall also onsider R
0|n
in plae of R0|1 (yielding
the higher jets mentioned above). The whole theory is just an elementary and simple abstrat
nonsense - restriting a funtor to a full subategory and then induing it bak.
The ideas of this paper were already informally presented in [KS℄. The basi idea, that dier-
ential forms on M are funtions on the spae of maps from R0|1 to M , and that the struture of a
omplex on Ω(M) is equivalent to the ation of Diff (R0|1) on this map spae, is taken from [Kon℄.
2. Introdutory example - Lie groups and Lie algebras
Let G be a Lie group and M → N a surjetive submersion. Reall that a G-desent data (i.e. a
desent of the trivial prinipal G-bundle over M to a prinipal G-bundle over N) is a map
g : M ×N M → G
1
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suh that g(x, x) = e and g(x, y)g(y, z) = g(x, z) for any (x, y, z) ∈M ×N M ×N M .
Let
Ω(M → N)
denote brewise dierential forms on M . A G-desent data gives us a at brewise g-onnetion
(where g is the Lie algebra of G), i.e. an α ∈ Ω1(M → N) ⊗ g satisfying the Maurer-Cartan
equation
dα+ [α, α]/2 = 0.
Vie versa, if G and all the bres are 1-onneted, a brewise at onnetion gives us desent
data.
Let us now desribe how the method used in this paper works in this ase; details are provided
in the subsequent setions. Let F (M → N) denote the set of all G-desent data on M → N . F
is a ontravariant funtor from the ategory of surjetive submersions to the ategory of sets. Let
us restrit F to the submersions of the form R0|1 × N → N (where the arrow is the anonial
projetion to the seond fator) and denote it res1F . This restrited funtor is equivalent to the
Lie algebra g:
(1) as a funtor in N , res1F is representable, namely by the supermanifold Πg (reall that by
denition, C∞(Πg) =
∧
g∗)
(2) the funtoriality of res1F with respet to all ommutative squares
R0|1 ×N1 → R
0|1 ×N2
↓ ↓
N1 → N2
is equivalent, as we shall see, to the struture of a non-negatively graded dierential
manifold on Πg, i.e. to the Lie algebra struture on g.
If we indue (where by indution we mean the right adjoint to the restrition) res1F bak to
a funtor dened on all surjetive submersions, it will send a submersion to the set of all at
brewise onnetions; the map
G-desent data 7→ at brewise g-onnetion,
together with its universal property, then omes just from the fat that restrition and indution
are mutually adjoint.
Generally, if F is any ontravariant funtor from surjetive submersions to sets, we an apply
the same proedure. If res1F is representable as a funtor in N by a supermanifold X then X
beomes a dierential non-negatively graded manifold. If X is in fat positively graded, it an be
equivalently desribed as a non-positively graded nite-dimensional L∞-algebra. In this ase, any
element of F (M → N)would give us a at brewiseX-onnetion, i.e. an α ∈ (Ω(M → N)⊗X)
1
suh that
dα+ [α, α]/2! + [α, α, α]/3! + · · · = 0.
For general X (L∞-algebroid) we would get a DGA morphism
C∞(X)→ Ω(M → N)
(this is of ourse equivalent to the above atness ondition in the ase of positively graded X)
for every element of F (M → N).
An example of suh a funtor is given by any simpliial manifold K•: For any surjetive
submersion M → N let (M → N)• denote the nerve of the groupoid M ×N M ⇒ M . Let us
onsider simpliial morphisms
(M → N)• → K•;
if K• is the nerve of a Lie group G, these are just G-desent data on M → N . Let F (M → N)
be the set of these morphisms. If K• satises Kan ondition then res1F is represenentable as a
funtor in N and we get a dierential graded manifold (a non-positively graded L∞-algebra if
K0 = {pt}).
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3. Notation
If M → N is a surjetive submersion, we denote
Ω(M → N)
the spae of brewise dierential forms onM , and we shall use similar notation for other brewise
objets:
Zk(M → N)
will be the spae of losed brewise k-forms,
T (M → N)
will be the brewise tangent bundle (a subbundle of TM) et.
4. Reminder on presheaves (generalized objets)
The basi referene for this setion is [SGA4℄, exposé I. Let C be a ategory. A presheaf on C is
a funtor C
o → Set; the ategory of presheaves1 on C (with natural transformations as morphisms)
is denoted Cˆ. Presheaves an be reasonably viewed as generalized objets of C, with F (X) (F ∈ Cˆ,
X ∈ C) interpreted as the set of morphisms X → F . Namely, any objet Y ∈ C gives us a presheaf
Y ∈ Cˆ via Y (X) = HomC(X,Y ). For any X ∈ C and F ∈ Cˆ then HomCˆ(X,F )
∼= F (X). This
way C is identied with a full subategory of Cˆ (whih is the exuse for denoting X ∈ C and the
orresponding presheaf X ∈ Cˆ by the same letter).
A presheaf isomorphi to some X ∈ C is said to be representable. For example, if U , V are
objets of C, the presheaf U ×V is dened as U ×V (X) = U(X)×V (X); if it is representable, the
orresponding objet of C (dened up to a unique isomorphism) is alled the artesian produt of
U and V , and denoted (somewhat abusively) U × V as well. Similarly, the presheaf Hom(U, V )
is dened by Hom(U, V )(X) = Hom(U ×X,V ). If it is representable, the orresponding objet
of C is alled the internal Hom from U to V , and is still denoted Hom(U, V ).
5. Differential forms as funtions on map spaes
In this setion we work in the ategory SM of all smooth supermanifolds. We shall rst notie
that Hom(R0|1, X) is representable for any X ∈ SM, and in fat is isomorphi to something well
known:
Proposition 5.1. For any supermanifold X, Hom(R0|1, X) is naturally isomorphi with ΠTX,
and thus (using indution) Hom(R0|k, X) is naturally isomorphi with (ΠT )kX.
Here ΠTX is the odd tangent bundle of X . Reall that dierential forms on X are funtions
on ΠTX .2 The proof of the proposition is straightforward: let θ be the oordinate on R0|1 and xi
be loal oordinates on X , so that xi, dxi are loal oordinates on ΠTX . If R0|1 → X is a map
parametrized by some Y (that is, a map R0|1 × Y → X), we expand it to Taylor series in θ,
xi(θ) = xi(0) + ξiθ;
identifying xi(0) with xi and ξi with dxi we get the (loal) isomorphism between Hom(R0|1, X)
and ΠTX . This identiation is independent of the hoie of oordinates xi, sine using other
oordinates x˜i we have
x˜(θ) = x˜(x(θ)) = x˜(x(0) + ξθ) = x˜(x(0)) +
∂x˜
∂x
ξθ,
i.e. ξ˜ = ∂x˜
∂x
ξ, just as dx˜ = ∂x˜
∂x
dx.
The isomorphism of Hom(R0|1, X) with ΠTX is ertainly not surprising: the relation θ2 = 0
basially says that maps R0|1 → X are 1-jets of urves in X , i.e. tangent vetors in X . It gives
1
we make the usual hyper-orret assumption of working in some universe of sets to avoid set-of-all-sets-like
problems
2
more preisely, funtions that are polynomial on the bres of ΠTX; general funtions on ΠTX are alled
pseudodierential forms on X. If X is a manifold then every pseudodierential form is atually a dierential form.
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us, however, an interesting explanation of the de Rham dierential (whih, being a derivation
on Ω(X), is a vetor eld on ΠTX). Namely, on Hom(R0|1, X) we have a right ation of the
supersemigroup Hom(R0|1,R0|1), and this ation gives us the struture of a omplex on Ω(X) (a
left ation of Hom(R0|1,R0|1) on a vetor spae V is the same as a struture of a non-negatively
graded omplex on V ).
Let us ompute the ation ofHom(R0|1,R0|1) expliitly. Given a transformation θ 7→ θ′ = aθ+β
of R0|1, we have
xi(θ′) = xi(aθ + β) =
(
xi(0) + ξiβ
)
+ aξiθ,
i.e.
xi 7→ xi + dxi β, dxi 7→ a dxi.
If we take innitesimal generators of Hom(R0|1,R0|1), ∂/∂θ and θ∂/∂θ, we get the following:
Proposition 5.2. The vetor elds ∂/∂θ and θ ∂/∂θ on R0|1 at on ΠTM as
dxi
∂
∂xi
and dxi
∂
∂(dxi)
,
i.e. as the de Rham dierential and the degree.
In general, a supermanifold X with a right ation of Hom(R0|1,R0|1) is a dierential non-
negatively graded supermanifold, i.e. the algebra of funtions on X is a dierential non-negatively
graded superalgebra.
In Proposition 5.1 we notied that for any k ∈ N the iterated odd tangent bundle (ΠT )kX is
isomorphi to Hom(R0|k, X); as a result, we have a right ation of the supersemigroup
Hom(R0|k,R0|k)
on (ΠT )kX . Funtions on (ΠT )kX were alled dierential worms in [KS℄ and denoted Ω[k](X);
they were later introdued under a saner name iterated dierential forms in [VV℄, from a somewhat
dierent perspetive.
6. Degrees and parity
This setion is just a tehnial remark on the relation between degrees and parity.
Let V be a Z-graded vetor spae. One usually endows V with a Z/2Z-grading (parity) using
the parity of the degrees. If we instead suppose that eah Vk is Z/2Z-graded, we shall all V a
Z-graded vetor superspae.
In a graded ommutative algebra A we have ab = (−1)deg a deg bba. In a graded ommutative
superalgebra the sign is given by the parities, rather than by the degrees. In a dierential graded
ommutative superalgebra we need to say that the dierential is both odd and degree-1.
Let us now look at dierential non-negatively graded supermanifolds, i.e. at supermanifolds
with a right ation of Hom(R0|1,R0|1). The algebra of funtions on suh a supermanifold X is
a dierential graded ommutative superalgebra. If it is a graded ommutative algebra, i.e. if the
parity is given by the degrees, we shall all X (as is ustomary) a dierential non-negatively graded
manifold. It happens i the parity involution of R0|1 (a map R0|1 → R0|1) ats on X as the parity
involution of X .
7. L∞-algebras and differential graded manifolds
Reall that an L∞-struture on a graded vetor spae V is a derivation Q of the oalgebra
S(V [1]) of degree −1, suh that Q2 = 0 and Q1 = 0. If we ompose Q with the projetion
S(V [1])→ V [1], and take the homogeneous omponents of the resulting map, we get linear maps
Q1 : V → V [1]
Q2 : V ∧ V → V
Q3 : V ∧ V ∧ V → V [−1]
· · ·
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The derivation Q is uniquely determined by these omponents (they need to satisfy some quadrati
equations so that Q2 = 0). Q1 makes V into a omplex, and is usually denoted d; Q2(u, v) is
denoted [u, v], Q3(u, v, w) is denoted [u, v, w] et. If all Qk's vanish for k ≥ 3 then d and [, ] make
V into a dierential graded Lie algebra (DGLA).
This denition an be rephrased in more geometrial terms (see e.g. [Kon℄): Q is a vetor eld
(of degree 1, vanishing at the origin and suh that Q2 = 0) on the formal graded manifold V [1].
Formal means that Q is given by a formal power series; Qk's are its homogeneous omponents.
In our ase V will always be non-positively graded and nite-dimensional. For dimensional
reasons only nitely many Qk's an be non-zero, so that Q is a vetor eld on the true (non-
formal) graded manifold V [1]. Moreover, any positively graded manifold is of the form V [1] for
some non-positively graded nite-dimensional vetor spae V ; L∞-algebras of our type are thus
equivalent to dierential positively graded manifolds.
The dierential graded manifolds that we shall onstrut will be, in general, just non-negatively
graded (i.e. not neessarily positively graded). Sine they are true (non-formal) supermanifolds,
they are not equivalent to L∞-algebras (though L∞-algebras appear as formal neighbourhoods of
invariant points). They might be alled L∞-algebroids.
This setion remains valid if we substitute L∞-algebras with L∞-superalgebras and graded
manifolds with graded supermanifolds.
8. Simpliial manifolds and presheaves on surjetive submersions
Let SSM denote the ategory of surjetive submersions, i.e. its objets are surjetive submersions
between supermanifolds and morphisms are ommutative squares.
Any surjetive submersion M → N gives us a simpliial (super)manifold (M → N)•, namely
the nerve of the groupoid M ×N M ⇒ M . Any simpliial (super)manifold K• therefore gives us
a presheaf on SSM, dened by
FK•(M → N) = Hom((M → N)•,K•).
As a tehnial nonsense, we shall all a presheaf on SSM even if it maps the parity involution to
the identity. A representable presheaf is even i in the oresponding objet M → N both M and
N are manifolds. If K• is a simpliial manifold then FK• is even. The reason for this denition is
that even presheaves will lead to dierential graded manifolds (L∞-algebras) rather than to more
general dierential graded supermanifolds (L∞-superalgebras).
9. Jets of presheaves
Let SSMn denote the full subategory of SSM with objets R
0|n×N → N (N runs through all
supermanifolds, the arrow is the anonial projetion).
We have
Hom
(
R
0|n ×N1 → N1,R
0|n ×N2 → N2
)
≃ Hom(N1, N2)×Hom(R
0|n,R0|n)(N1),
so we get the following lemma:
Lemma 9.1. An objet of ŜSMn an be equivalently desribed as an objet of ŜM with a right
ation of Hom(R0|n,R0|n). The two ategories ( ŜSMn and the right-Hom(R
0|n,R0|n)-equivariant
version of ŜM) are equivalent.
Let us denote the right-Hom(R0|n,R0|n)-equivariant version of ŜM by ŜM[n] and the right-
Hom(R0|n,R0|n)-equivariant version of SM by SM[n] (SM[n] is thus a full subategory of ŜM[n]
and ŜM[n] is equivalent to ŜSMn). In partiular, SM[1] is the ategory of dierential graded
supermanifolds.
If F is any presheaf on SSM, we an restrit it to SSMn, and we shall all the orresponding
objet of ŜM[n] the n-jet of F .
Espeially interesting is the ase when the n-jet of F is representable (as a presheaf on SM),
when it gives us a supermanifold with a right Hom(R0|n,R0|n)-ation (one an easily see that if
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the n-jet of F is representable, so are all its m-jets for m ≤ n). In the ase of n = 1 we get a
dierential graded supermanifold; if F is even, we get a dierential graded manifold.
Proposition 9.2. Suppose K• is a simpliial manifold satisfying Kan ondition, whih is moreover
m-trunated for some m ∈ N, and denote FK• the orresponding presheaf on SSM. Then for every
n ∈ N the n-jet of FK• is representable.
The proof is a bit tehnial and an be found (together with denitions) in Appendix A.
Let us here just remark that the supermanifold representing the n-jet of FK• is onstruted as
a subsupermanifold of Hom((R0|n)m,Km). In partiular in the ase of n = 1 it is a graded
submanifold of T [1]mKm (the dierential, however, is not inherited from T [1]
mKm); for example,
if K• is the nerve of a Lie group G, we get g[1] = Te[1]G ⊂ T [1]G and in this ase K1 = G. The
highest degree of a oordinate is thus at most m; the orresponding L∞-algebra has all degrees
higher that −m.
If the n-jet of an F ∈ ŜSM is representable by some X ∈ SM[n], we shall dene Ω[n](F ) to be
Ω[n](F ) := C
∞(X);
the reason is that if F itself is representable by M → N then this denition gives Ω[n](F ) =
Ω[n](M → N). This follows from Prop. 5.1 if N is a point, or from its obvious brewise version in
general.
10. Reminder on presheaves (ontinued)
Let u : C→ D be any funtor. It indues a funtor u∗ : Dˆ→ Cˆ via u∗(F ) = F ◦ u. The funtor
u∗ admits a right adjoint u∗ : Cˆ → Dˆ, whih an be dened via u∗(F )(Z) = HomCˆ(u
∗(Z), F )
where F ∈ Cˆ and Z ∈ D. If now C is a full subategory3 of D and u is the inlusion (the only
situation we shall meet; in that ase u∗ is simply the restrition) then u∗ ◦ u∗ is (isomorphi to)
id
Cˆ
and onsequently u∗ is fully faithful. We an thus use u∗ to identify Cˆ with a full subategory
of Dˆ, and u∗ gives us a projetion Dˆ→ Cˆ.
We nish with a simple ondition that fores u∗ (and thus u∗) to be an equivalene of ategories.
Lemma 10.1. Suppose that u : C→ D is a fully faithful funtor, and that any objet Y ∈ D is a
retrat of some objet X ∈ C, i.e. that there are morphisms Y → u(X)→ Y that ompose to idY .
Then u∗, and onsequently u∗, is an equivalene of ategories.
11. Approximations and representability of presheaves
Let un : SSMn → SSM be the inlusion (see Setion 9). Reall that for any presheaf F on SSM
its restrition u∗nF (a presheaf on SSMn) is equivalent to a right-Hom(R
0|n,R0|n)-equivariant
presheaf on SM, whih we alled the n-jet of F .
Let us now desribe the indution funtor un∗. Let G ∈ ŜM[n] (reall that ŜM[n] and ŜSMn are
equivalent; we shall now ommit the rime of atually identifying these two ategories). Then
un∗(G)(M → N) = HomcSM[n]((ΠT )
n(M → N), G).
In partiular, if G is representable as a presheaf on SM, i.e. if G ∈ SM[n], then
un∗(G)(M → N) = HomSM[n]((ΠT )
n(M → N), G),
or equivalently,
un∗(G)(M → N) = Hom(C
∞(G),Ω[n](M → N))
(Hom(R0|n,R0|n)-equivariant morphisms of algebras). In partiular for n = 1,
u1∗(G)(M → N) = Hom(C
∞(G),Ω(M → N))
(morphisms of dierential graded algebras).
3
There is, of ourse, no real dierene between a fully faithful funtor and a full subategory. Sometimes we
shall even ommit the rime of alling a ategory C to be a full subategory of D when all we have is a fully faithful
funtor C → D, provided the funtor is lear from the ontext (C is then just equivalent to a full subategory of D).
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Presheaves of the form un∗(G), where G ∈ SM[n], will be alled n-representable. The ategory
of n-representable presheaves on SSM it thus equivalent to SM[n].
When we restrit a presheaf F from SSM to SSMn and indue it bak to SSM, we denote the
result appnF ; in other words, appn = un∗ ◦ u
∗
n. We have
(appnF )(M → N) = HomcSM((ΠT )
n(M → N), n-jet of F ),
and if the n-jet of F is representable,
(appnF )(M → N) = Hom(Ω[n](F ),Ω[n](M → N)).
If m ≥ n then
appn ◦ appm ≃ appm ◦ appn ≃ appn
(the isomorphisms are natural). The reason for this is Lemma 10.1: if we dene auxiliary ategories
SSM≤n with objet R
0|k×N → N , k ≤ n, then the pair SSM≤n ⊂ SSMn satises the assumptions
of this lemma. We an thus substitute SSMn with SSM≤n everywhere in this setion. The
ategories SSM≤n form an inreasing hain, so our laim follows.
The morphism idSSM → appn (oming from the fat that appn is the omposition of an adjoint
pair) gives us a morphism
F → appnF
for every F ∈ ŜSM. Sine the ategories SSM≤n form an inreasing hain, we get a hain
app0F ← app1F ← app2F ← . . .
whih together with the morphisms F → appnF forms a ommutative diagram.
12. Why simpliial manifolds?
We ould produe a simpler version of approximations et. (as desribed above) by using nite
sets in plae of R0|n. We would take the full subategory of SSM with objets of the form
S ×N → N , where S is a nite set and the arrow is the anonial projetion. Presheaves on this
subategory are funtors
FS
o → ŜM,
where FS is the ategory of nite sets.
Simpliial (super)manifolds are funtors
∆o → SM,
where ∆ is the ategory of nite ordered sets. It would seem more natural to use funtors FSo →
SM for the purposes of this paper. Indeed, the only reason why we used simpliial manifolds is
that they are better known.
13. Examples
Example 13.1. As the most trivial example, let us take the presheaf represented by an objet
(M → N) ∈ SSM. This presheaf is n-representable for any n ≥ 1, the orresponding objet in
SM[n] is (ΠT )
n(M → N), hene Ω[n](F ) = Ω[n](M → N). The presheaf is 0-representable only if
N is a point (whih is, however, the most interesting ase).
Example 13.2. This is the example of Setion 2. Let G be a Lie group (or supergroup). Let
F (M → N) = {G-desent data on M → N}.
In other words this is FK• for K• the nerve of G.
The 1-jet of F is represented by g[1] = Hom(R0|1, G)/G. Dierential forms on F , i.e. the
dierential graded algebra of funtions on g[1], is the Chevalley-Eilenberg omplex of g. We
have app1(F )(M → N) = leafwise at g-onnetions on M . All higher approximations of F are
isomorphi to app1(F ).
L∞-ALGEBRAS AS 1-JETS OF SIMPLICIAL MANIFOLDS 8
Example 13.3. As a generalization of the previous example, let G be a Lie groupoid (or super-
groupoid). We dene
F (M → N) = {Lie groupoid morphisms (M ×N M ⇒M)→ G},
i.e. F is FK• for K• the nerve of G.
The 1-jet of F is represented by A[1], where A is the Lie algebroid of G. The algebra of dier-
ential forms on F is thus Γ(
∧
A), the Chevalley-Eilenberg omplex of A. The rst approximation
of F is given by
app1(F )(M → N) = {Lie algebroid morphisms T (M → N)→ A}.
Higher approximations of F are again isomorphi to app1(F ).
Example 13.4. Let us now onsider F = FK• for K• = K(U(1), 2). In other words, F (M → N)
is the set of all maps
h : M ×N M ×N M → U(1)
suh that
h(x, x, y) = h(x, y, y) = 1
and
h(x, y, z)h(x, z, w) = h(x, y, w)h(y, z, w)
for any x, y, z, w ∈ M lying over the same point of N . (In other words, h is desent data for
U(1)-gerbes.)
The 1-jet of this F is represented by R[2] (i.e. the orresponding L∞-algebra is R[1]) and
Ω(F ) = R[t] where dt = 0 and deg t = 2. The rst approximation of F is
app1(F )(M → N) = Z
2(M → N)
(where Z2 denotes losed 2-forms). The morphism F → app1(F ), i.e. the omputation of a losed
brewise 2-form ω out of h, is given by
ω(u, v)(x) = LyuL
z
vu(x, y, z) at x = y = z.
Higher approximations of F are not isomorphi to app1(F ) and they don't stabilize; they ompute
higher jets of h's.
Similar example an be obtained from K(U(1), n), where one gets losed n-forms in plae of
losed 2-forms.
Example 13.5. This example is a ommon generalization of Examples 13.2 and 13.4. Reall that
a Lie rossed module is a pair of Lie groups G and H , with a morphism m : H → G and with a
morphism µ : G → Aut(H) ompatible with onjugations on G and H . Out of any Lie rossed
module we an make a simpliial manifold (its nerve) and the orresponding FK• looks as follows:
Elements of FK•(M → N) are pairs of maps
g : M ×N M → G, h : M ×N M ×N M → H
suh that
g(x, x) = 1
h(x, x, y) = h(x, y, y) = 1
g(x, y) g(y, z) = m(h(x, y, z)) g(x, z)
h(x, y, z)h(x, z, w) = h(x, y, w) µ(g(x, y))(h(y, z, w)).
The 1-jet of FK• is represented by the dierential graded manifold f[1], where f is the following
DGLA:
f−1 = h, f0 = g, fi = 0 otherwise,
the dierential f−1 → f0 is h → g oming from m, the braket on f0 is that on g and the braket
between f0 and f−1 is given by µ. The funtor app1F is thus given by
app1F (M → N) = {at brewise f-onnetions on M}.
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Example 13.6. Let G be a Lie group ating by automorphisms on a ommutative Lie group H
and let φ : Gn → H be a smooth group n-oyle for some n ≥ 2. The ation µ : G → Aut(H)
and the oyle φ give us a simpliial manifold K• whih is a bre bundle over the nerve of G,
with typial bre K(H,n− 1). The 1-jet of FK• is represented by the dierential graded manifold
f[1], where f is the following L∞-algebra:
f−n+2 = h, f0 = g, fi = 0 otherwise,
dierential is zero, the braket in f0 is that of g, the braket between f0 and f−n+2 omes from µ,
and the only non-zero multiple braket is ∧n−1
g→ h,
whih is the image of φ under the Van Est map. The funtor app1F is thus given by at brewise
f-onnetions.
Let us now pass to examples that are not given by a simpliial manifold.
Example 13.7. This is an extremely simple example, but it might be enlightening. Let F be
given by
F (M → N) = Zk(M → N).
Then the 1-jet of F is represented by the (1-dimensional) vetor superspae of losed k-forms on
R0|1, i.e. by R[k]. This F is 1-representable.
Example 13.8. This is an example of a presheaf on whih a group ats. Let G be a Lie group,
g its Lie algebra, and let F be given by
F (M → N) = {brewise g-onnetions on M}.
On this F ats the group (represented by) G, namely on F (M → N) ats the group Hom(M,G)
by gauge transformations. The presheaf F is 1-representable, the algebra of dierential forms on
F is the Weil algebra W (g). Moreover, the ation of Hom(R0|1, G) on dierential forms gives the
standard G-dierential struture on W (g).
If now K is a manifold (or supermanifold) with G-ation, the algebra of dierential forms on
F ×K is W (g)⊗Ω(K), and the algebra of Hom(R0|1, G)-invariant dierential forms is the basi
subomplex (whose ohomology is the equivariant ohomology of K if G is ompat).
Example 13.9. Let us x a supermanifold Y and let F be given by F (M → N) = Hom(M ×N
M,Y ). Then the n-jet of F is represented by Hom(R0|n × R0|n, Y ), and
appn(F )(M → N) = Γ(j
n(M → N, Y ))
where jn(X,Y ) → X is the bundle of n-jets of maps X → Y . If for example Y = R, the
dierential forms on F form the free graded ommutative algebra generated by x, ξ, τ, t with
deg x = 0, deg ξ = deg τ = 1, deg t = 2, with dierential given by dx = ξ, dτ = t.
Example 13.10. Given m ∈ N we shall onsider the presheaf given by
F (M → N) = Γ((T ∗)⊗m(M → N))
and similar presheaves given by natural subbundles of (T ∗)⊗m (it is onvenient to deompose
(T ∗)⊗m with respet to the ation of the symmetri group Sm).
Let λ be a Young diagram with m squares, e.g.
for m = 10, and let W(λ) be the orresponding irreduible representation of Sm. If V is a vetor
spae, let
Vλ = HomSm(W(λ), V
⊗m),
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where Sm ats on V
⊗m
by permutations of fators (reall that Vλ is an irreduible representation of
GL(V )). This way we get a funtor from the ategory of vetor spaes to itself, given by V 7→ Vλ,
and thus a presheaf
Fλ(M → N) = Γ(T
∗
λ(M → N))
For any λ and any n the n-jet of Fλ is represented by the vetor superspae Γ(T
∗
λR
0|n). Let c be
the number of olumns of λ. The presheaf Fλ is n-representable for n > c, while appn(Fλ)(M →
N) = {0} for n < c. For n = c we have
appc(Fλ)(M → N) = Γ(T˜
∗
λ(M → N))
where T˜ ∗λ is ertain natural bundle ontaining T
∗
λ .
If c = 1 (the ase of dierential forms) then T˜ ∗λ = T
∗
λ ; the same is true when λ has only one
row (the ase of symmetri tensors). When c = 2 we have the following result: T˜ ∗λ has a natural
inreasing ltration
T ∗λ = A1 ⊂ A2 ⊂ · · · ⊂ T˜
∗
λ ,
suh that eah Ai+1/Ai is isomorphi to some T
∗
µ . The rule for obtaining these µ's from λ should
be lear from this piture:
In other words, we keep removing squares from the two olumn and adding them to the rst row,
till the seond olumn ontains only one square.
This result enables us to deompose Ω[2](M) to indeomposable representation of the super-
semigroupHom(R0|2,R0|2). The irreduible (left) representations of Hom(R0|2,R0|2) are duals of
Γ(T ∗λR
0|2) for 2-olumn λ's (these are alled generi irreduibles), and duals of the spaes of losed
k-forms on R0|2, k ∈ N (non-generi irreduibles). The representation theory of Hom(R0|2,R0|2)
is quite simple [Leit℄: generi irreduibles never appear in the omposition series of reduible
indeomposable representations, and the only reduible indeomposable yli representations are
duals to the spaes of dierential k-forms on R0|2, k ∈ N. It gives the following deomposition of
polynomial funtions on Hom(R0|2,R0|2):
Ω[2](R
0|2) ∼=
(⊕
λ
Γ(T ∗λR
0|2)∗ ⊗ Γ(T ∗λR
0|2)
)
⊕
⊕
k Ω
k(R0|2)∗ ⊗ Ωk(R0|2)
d(
⊕
k Ω
k(R0|2)∗ ⊗ Ωk−1(R0|2))
(where the sum is over all 2-olumn λ's) and thus for any supermanifold X
Ω[2](X) ∼=
(⊕
λ
Γ(T ∗λR
0|2)∗ ⊗ Γ(T˜ ∗λX)
)
⊕
⊕
k Ω
k(R0|2)∗ ⊗ Ωk(X)
d(
⊕
k Ω
k(R0|2)∗ ⊗ Ωk−1(X))
.
Unfortunately, the representation theory of Hom(R0|n,R0|n) is wild for n ≥ 3 [Sho℄, and we do
not know how to deompose the spae of polynomial funtions on this semigroup. We also do not
know the omposition series of T˜ ∗λ for general λ with more than 2 olumns. Just as an example,
here is the omposition series for some random (and quite simple) λ with 3 olumns:
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Appendix A. Proof of Proposition 9.2
We use the denition of Kan simpliial manifolds from [Hen℄. Let ∆ denote the ategory of
nite ordered sets; a simpliial set is a presheaf on ∆. For any n ∈ N let [n] denote the ordered
set 0 < 1 < · · · < n, and also (as is usual) the presheaf on ∆ it represents. We use the standard
notation Fn := F ([n]) for any F ∈ ∆̂.
For any k, 0 ≤ k ≤ n, let [n, k] ∈ ∆̂ (the k-th horn of the simplex [n]) be the subpresheaf of [n]
dened by
[n, k]m = {f ∈ [n]m = Hom([m], [n]); {0, . . . , k − 1, k + 1, . . . n} 6⊂ Im(f)}
(geometrially, [n, k] is the union of the faes of the n-dimensional simplex that do not ontain
the k-th vertex).
The inlusion [n, k] → [n] gives us a map Xn = Hom([n], X•) → Hom([n, k], X•) for any
simpliial set X•. X• is a Kan simpliial set if the map is surjetive for all n's and k
′s. X• is
m-trunated if the map is a bijetion for all n ≥ m. The set Hom([n, k], X•) will be denoted Xn,k;
it an be seen as a subset of (Xn−1)
n
.
A simpliial (super)manifold K•, i.e. a funtor
∆o → SM,
is Kan if the map Kn → Kn,k is a surjetive submersion for any n, k. This denition requires
heking that Kn,k = Hom([n, k],K•) is atually a (super)manifold; it is done reursively in n (see
[Hen℄ for details).
Let us now pass to the proof of Prop. 9.2. Let us rst desribe the simple basi idea on sets,
after that we shall pass to (super)manifolds. Let S be a set with a hosen element ∗ ∈ S, and let
S• be the nerve of the pair groupoid S × S ⇒ S, i.e. Sn = S
n+1
, or more preisely,
Sn = {maps [n] = {0, 1, . . . , n} → S}.
Let X• be anm-trunated Kan simpliial set. Let us indutively onstrut all morphisms S• → X•
(basially by lling horns in all possible way). For any k ∈ N let us dene a simpliial set S
(k)
• ⊂ S•
by
S(k)n = {maps f : [n]→ S s.t. |Im(f)| ≤ k + 1 and f(0) = ∗ if |Im(f)| = k + 1};
they form a hain
S
(0)
• ⊂ S
(1)
• ⊂ S
(2)
• ⊂ · · · ⊂ S•.
Let us denote
G(k) := Hom(S
(k)
• , X•).
We shall notie that G(k+1) → G(k) is a surjetion for eah k and an bijetion for k ≥ m (reall
that X is supposed to be m-trunated) and that
Hom(S•, X•)→ G
(k)
is also a bijetion for k ≥ m. Moreover, we shall desribe how to onstrut G(k+1) out of G(k).
First of all notie that S
(k)
• has non-degenerate simplies only in dimensions ≤ k; therefore any
morphism S
(k)
• → X• is uniquely determined by its dimension-k part {∗}×S
k = S
(k)
k → Xk. The
set G(k) is thus a subset of Hom(Sk, Xk). Hom(S•, X•) will therefore be onstruted as a subset
of Hom(Sm, Xm).
Obviously, G(0) ≃ X0. Suppose we already know G
(k)
and let us desribe G(k+1). For any
g ∈ G(k), g : Sk → Xk, we shall desribe all g˜'s in G
(k+1)
lying over g. For any (s1, . . . , sk+1) ∈
Sk+1 the k + 1 elements g(s1, . . . , si−1, si+1, . . . , sk+1) (1 ≤ i ≤ k + 1) of Xk form an element
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of Xk+1,0. If sk+1 6= sk, let us hoose an arbitrary element of Xk+1 lying over this element of
Xk+1,0. If sk+1 = sk, let us take the image of g(s1, . . . , sk) ∈ Xk under the k + 1-th degeneray
map Xk → Xk+1. This way we hoose an element of Xk+1 for eah n + 1-tuple (s1, . . . , sn+1),
and delare it to be g˜(s1, . . . , sk+1). For k ≥ m the map g˜ is determined uniquely by g, sine X•
is m-trunated.
Let us now pass from sets to supermanifolds. We shall need a little lemma:
Lemma A.1. Let A = R0|k, B = R0|ℓ, and let P , Q be any supermanifolds. Let B → A be an
embedding and P → Q a surjetive submersion, and let
Hom(A,P ) → Hom(A,Q)
↓ ↓
Hom(B,P ) → Hom(B,Q)
be indued by these two maps. Then the map
Hom(A,P )→ Hom(B,P )×Hom(B,Q) Hom(A,Q)
is a surjetive submersion.
The proof of the lemma is straightforward: if P , Q are vetor superspaes and the map P → Q
a linear map then one easily heks that the result is a surjetive linear map. The general (non-
linear) ase then follows by the denition of a submersion.
Let us nally onstrut the supermanifold representing the n-jet of FK• , as a subsupermanifold
of Hom((R0|n)m,Km). We shall onstrut a hain of supermanifolds
H(k) ⊂ Hom((R0|n)k,Kk)
analogous to G(k)'s above, together with surjetive submersions
. . .→ H(2) → H(1) → H(0),
where H(k+1) → H(k) is an isomorphism if k ≥ m. H(m) will be the supermanifold we are looking
for.
The onstrution goes exatly as in the ase of G(k)'s; the only dierene is that we have to
apply Lemma A.1, namely to
Hom((R0|n)k+1,Kk+1) → Hom((R
0|n)k+1,Kk+1,0)
↓ ↓
Hom((R0|n)k,Kk+1) → Hom((R
0|n)k,Kk+1,0)
,
where the anonial map Kk+1 → Kk+1,0 is a surjetive submersion by assuption, and the em-
bedding (R0|n)k → (R0|n)k+1 is dened to be the identity on the rst k − 1 R0|n's, and to be the
diagonal embedding of the last R0|n in (R0|n)k into the produt of the two last R0|n's in (R0|n)k+1.
H(0) is K0. When we already have H
(k)
, we have an embedding
H(k) → Hom((R0|n)k+1,Kk+1,0)
and another embedding (given by the k + 1-th degeneration map Kk → Kk+1)
H(k) → Hom((R0|n)k,Kk+1).
It is easy to see that these two ombine to an embedding
H(k) → Hom((R0|n)k+1,Kk+1,0)×Hom((R0|n)k,Kk+1,0) Hom((R
0|n)k,Kk+1).
Finally, H(k+1) is the preimage of this embedded H(k) under the submersion
Hom((R0|n)k+1,Kk+1)→ Hom((R
0|n)k+1,Kk+1,0)×Hom((R0|n)k,Kk+1,0) Hom((R
0|n)k,Kk+1).
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